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I Proofs

I.1 Proof of Proposition 1

When agent’s preferences are as in eq. (24), the s.d.f. is given by (e.g., Piazzesi and Schneider,
2007):

G\ expl(l— ]
p s ‘ I.1
141 < C ) E; (exp[(1 — %)us+1]) (L.T)

Let us show that, under Assumptions A.l and A.2, the utility is exponential affine.

Proposition 8. Under Assumptions A.1 and A.2, the utility U; = Cyexp(ly0,—1 + :u;,lXt)’

or
U =+ Myor—1+ N;JXt (1.2)

satisfies eq. (24) for any X; iff W, 1 and W, o, are given by

1 = 8Ly — @) '@, 4, (L3)

and

1
Ivlu,O,t - _.UQO iy g {.uu,OJI - Yo [(1 - %)(S(Inx - 6(1)/)_1(1)/ +Inx)uc71} } . (14)

=%
Proof. If u, is given by (1.2), we have:

Uy1 = ¢+ ACH1 + M0+ My 1 X1 = ¢ Mo, + Heo + (Rt + fet) Xes1-
Then, for a given state vector X;, we have:

eq.(24) & A Muos—1+ My X
=(1—=08)c;+ 0o+ Sle o+ 6cr +

1%% {Wo (1= 9) (ka1 + )]+ [(1 = 2) (ks + )] % |



Proofs

S Mu0-1— O o + My 1 X

0
= Sptcot 7 {000 =)t + e)] + v [(1 = )t 1)) X}
Therefore eq. (24) is satisfied for any X; iff the following two conditions are satisfied:

Hu0.1—1 — Oy = Ote o+ %%IVO [(1 =) (M + Me1)]
tt = 12591 [(1= 1) (Mt + He)]

which leads to the result, using that y; [(1 — %) (Mu1 +,uc71)] = (1 —7%)®'(Uy,1 + He,1) under As-
sumption A.2. O

Using the exponential affine formulation of the utility in (I.1) leads to:

log ;111 = logd —Aci1+ (1 —%)us1 —logE, (exp[(1 — % )ur41])
= 10g(8) — peo = Mo Xer1 + (1= %) (e, + 1) Xe 1
—log By (exp { (1= ) [(He,1 + Mu1) Xes1] })
= 10g(8) — Heo+ [(1— %) tat — Yikte,1] Xe
—log By (exp { (1= 1) [(He,1 + Mu) Xes1] })
= 1log(8) — peo — Wo [(1— %) (et + pu1)] +
(1= %)t — Vbben ] Kot — Wi [(1 = 1) (et + )] X

Hence, the stochastic discount factor between dates ¢ and ¢ + 1 is given by:
My i1 = expl—(ng, + 11 X) + 4 X1 — w(A, X)), 1.5)
with

Ny, = —10g(8)+ peo+ Yol + tea] — Wo(A) (L6)
rlik = (I),.uc,l .
Using % = Ly,0 + My oX: (Assumption A.2), we obtain:

{ o = {(1=%)8(lny — 89) 71D — Yl } e

A= [(1=%)8(Iny — 8P) '@ — plyy | pe
= [8(I, —5c1>’ O — (8L — D) D + Ly)] e
[

Ly — @) '@ — 1y 0 (8 (Iny — 8P) '@ +1)] phe +

=
[~ (8L — 8¥') '@ —|—Inx).uc,1“7//,llxt' (1.7)
Yy

(In
6 (Ing

Now, let’s compute na“J. We have (using eq. 1.6):

Mo, = —10g(6)+ teo+ Wo(A + e 1) — Wo(Ar)



Proofs

1
= —10g(8) + He 0+ SHe EE Mo + e I A,

which proves Proposition 1.

.2 Proof of Proposition 3

The conditional risk-neutral Laplace transform E;Q (exp(u'X;41)) is equal to:

M, 1
E, <exp [/ X 41] fitl )) —E, (exp |:MIXH_1 +A/TE . — E/'L[ZE’&})

E; (A 141
fg EI <exp {uquXt + (I/l —|— )4)/28;_’_] — %AZIZZ/)%} )
= exp |u/PX; + %(u—l—&)/ZZ/(u—i—&) — %XI/ZZ%,]

i 1 1
= exp |/ DX, + Eu’ZZ'u + u’ZE'?g} =exp [u'CI)X, + Eu’ZE'u +u'TX (Ao + A{XI)}

[ 1
= exp [t/ (P+ITA)X; + Eu/ZZ/u + u'ZZ'?lO] )
which gives the result.

I.3 Proof of Proposition 2

Let us compute the Laplace transform of ¥; = [X/,Z/,vec(X,X/])']'. We have:

Ey (exp(u/Yi11))

= Er(exp(uxXir1 +uzZir1 +uxxvec(Xit1Xi11)))

= E (exp(uy (DX, +X&11) + 1y (PzZ +X7(X; )€1 1) +uyyvec((PX; + L& 1)(PX, +X&41))))
exp(uy ®X; +uy®zZ, + uy yvec(PX, X/ P')) x
By (exp [(uxE+ uzXz(X;) + 2uyx (2@ [®X;])) €41 + uyxvec(Ze 1€ ,E)]) (1.8)

|
=

where we have used, in particular, that vec(®X; ¢/, |X') = (X® [®X;])& 41 (exploiting the properties
of the vec operator, see, e.g., Proposition A.1 of Monfort etal., 2015) and also u) yvec(PX; € +IZ/ )=
sy vec(Xe 11X/ ®') (using the following lemma, since vec™! (uxx) is assumed to be a symmetric
matrix).

Lemma 1. If matrix V is symmetric, then, for any matrix A of the same dimension, we have
vec(V) vec(A) = vec(V)'vec(A).

Proof. For any matrix A, we have vec(A") = A,vec(A), where n is the dimension of V, and where
A, is the commutation matrix of dimension n2 x n? (see Lemma A.1 in Monfort et al., 2015). In
particular, since matrix Vis symmetric, it comes that vec(V) = A,vec(V), or vec(V)' = vec(V)'Al,.
Using that A, is orthogonal (and therefore that A, A, = I,)) leads to the result. ]
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Moreover, we have:

uyxvec(Xe 1811 Y) = uyx(E@T)vec(11841) = uyyx (O L) (&1 @ &+1)
= (g8 ){uxx(ZoX)}
= g vec {ukx(ZRX)}e 1. (1.9)

Hence, the conditional expectation appearing at the end of (1.8) is of the form

E;(exp[v(u,X;) &1+ &1V (u)&11]), (1.10)
with
vu, X)) = uyE+uX7(X;) + 22Uy (E@ [PXy]) @11)
Viu) = vec Huy(ZRXL)} '

Let us show that v(u, X;) is affine in X;. We have:

viu,X;) = vec(v(u,X;)) = vec(ux X+ uyXz(X;) + 2ulyx (Z® [@X/]))
= Z/ux + ([ne ®M/Z)(F()—|—F1X,) —|—2(Z® [CI)X,])/MXX
= ZIMX + (Ing ®MIZ)(F0—|—F1X,) +2([¢Xl]/®2/)uxx
= Yuy + (I, @ uy) (Lo +T'1X;) + 2vec(X vec ™ (uxx ) ®X;)
= Yux + (I, @uz)To+ [(In, ®uz)T1 + 25 vec! (uxx)®) X,
= vo(u)+vi(u)X;. (1.12)

Lemma 2. I[f & ~ .4(0,1,,), and if v and V are, respectively, a ne-dimensional vector, and
a ng X ng dimensional matrix, then

1 1
E(exp[V'e +€'Ve]) = —————exp (—v’(lne — 2V)1v> .
[l =22 \2
Proof. See, e.g., Lemma A.2 in Dubecq et al. (2016). [

Using the previous lemma in (I.10), it comes that:
E: (exp[v(u, X:) &1+ &1V (1) &11])

1 1 _
= mexp (E(VO +V1Xl‘)/(lng —2V) 1(V() +V]Xt>)

1

1 / -1 I, 1 ) »
mexp <§(V0<Ing_2V) V0+XzV1(Ing—2V) VIXt-l—ZvO(]ng_zv) VIXt) :

where, for notational simplicity, we have dropped the dependency in u of vg, v{, and V.
Substituting in the previous expression in (I.8), we obtain:

E: (exp(u'Y;+1))
= exp(uy®X; + uy @77 + X/vec {lyx (@ 2 ®)} X, x
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Proofs

1 1 1
eXp _5 log ’Ins - 2V’ + Ev6<ln£ - 2‘/)71‘}0 + EXI‘/VII (Ins - 2V)7IV1XI + v6<lns - 2V)71V1X[ )
which proves Prop. 2.

1.4 Proof of Proposition 4

According to Proposition 1, the s.d.f. is a function of X;;| and X;. In this context, Lemma 1 of
Monfort and Renne (2013) implies that the risk-neutral p.d.f. of Z; | and w1, given (X;41,Y}),
are the same as the historical ones.

We have:

Zi = 77 1+ X7(Xi-1)&
= ®zZ 1 +E72(X- 1) (X — DX,1)
= S ) w7+ 52X )E (@R — @)X, + (X 1)ed.  (1.13)

Note that the previous formula is also valid if the dimension of X; is lower than that of &. In
this case, however, one has to replace ¥~ with the Moore-Penrose inverse of L.
We have:

Y2(X_)Z'uQ = vee(Zz(X_)Z 'u®)
([Z7'uY @1y, vec(Zz(X 1))
(Z'uY ®@1,)(To+T1X_1). (1.14)

Moreover, we have:

Y% )N @V —D)X,_, = vec(Zz(X_1)E (@Y -D)X,_))
= (X, (@Y -®))|@L,)(To+T1X—1)  (L15)

Let us denote by J; the ng X (ngnz) matrix that selects the following n entries of a vector I of
dimension (nenz) x 1: {i,nz +i,...,(ne — 1)nz +i}. Thatis J; = I,, ®e; , , Where e;, is the i
column of the identity matrix of dimension nz X nz.

For any matrix M of dimension ny X ng, we have:

(Xt/_1M>J1FO (Fé)JiM/)Xt_l Fé)JiM/
(X[ 1M) @1,,)To = ; = : = : X, (L16)
(X[LIM)J,,ZFO (Ff)J,/lZM/)X,,1 F()J,IZZM/
Moreover:
X D\IIM'X, vec(IJiM")'vec(X,—1X!_,)
(X M) ®1,,)T1X 1 = : = :
X/ TV, M'X; vec(I'\J; M') vec(X; _1X]_;)



Proofs

vec(IyJiM')
= VeC(X[_IXl/_I). (117)
vec(I'J, M)
Using (I.16) and (I.17) in (I.15), we obtain:
(X )Z T (@R — D)X,
Iz~ (20 - @) vec(TWJIZ~1 (@0 — @)Y
= : X1+ : vec(X;—1X/_;) (1.18)
\ Iy, 2 (@ — @) ] . vec(TJ; 271 (DU — ) ]
:T%O :T%l

Using (I.14) and (I.18) in (I.13) leads to (35) and proves Prop. 4.

L.5 Proof of Proposition 5
We have:

E (exp(u'Y;41))
= B (exp(uyXis1 +uyZy 1 +tixxvecX1X/,]))
= B (exp(uy (u?+ 00X, +2e ) +
iz {17 + PzZi+ R X, + Pgyyvec(XX]) + X2 (X)e L } + xveelXi X))
= exp(uu® + gy ®2X, + u'z,uéQ +u, D7, + ulzégXXt + u'ZQD%(Xvec(X,Xt/)) X
E2 (exp(ugngf;%1 + u'ZZZ(X,)sgl + uyyvecXi11X/ 1 1])).- (1.19)

Let us focus on the last term:

vec[X,HXt/H] = veC[(uQ + X, + 2881)(.‘1@ +0UX, + ngl)']
/
= vec (/,LQ/.LQ/ + ‘LLQX;CI)@, + QDQX[/.LQ/ + /.LQ&‘gl Y+ Zegll.t@/

+ 00X, x/ 0% + dUx,e?

= vec(u®) + (Iz + An ) (@@ u )X, + (20 )vec(X,X;)

/ /

¥ 1+xel X0 +xe? €2, Z’)
/

T + A )(E@ [0+ 9X))e?, + (CoT)vec(el £2,),

where A, is the commutation matrix of dimension n}z{ X n)z( (see the proof of Lemma 1). Since

vec‘l(uXX) is a ny X ny symmetric matrix (by assumption), it comes that uxx = Ap uxx. As a
result:
/
wyxvee[Xi1X/yy] = uyyvec(u®u®) + 2y (D% © )X, + uyy (B © D¥)vec(X,X/)
/
P2y (20 U@+ dUX))e2 | +uky (@ T)vec(el &2,).
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Using the previous expression in (I.19), we obtain:

E2(exp(u'Y;11)) =

exp{utie @+ uyvec(uuY) +upp?

(D2 4 2uyy (B @ u Q) + 1, @R X, + 1y D27,
+(up PGy x + gy (D0 @ D) vec(X,X/)} x

/
EQ <exp ( [u;(2+ 2l (£ 1Q) + 2y (£ [DUX,]) + u/zzz(x,)] 2| +ilyy (E@T)vec(e? €2,

The last conditional expectation is similar to that appearing in (I1.8); that is, it is of the form:

/
EQ <v*(u,X,)’8g1 +e9, V(u)£g1> , (1.20)

with
V(1 X) = uy T+ 2y (20 u®) + 2y (2@ [DOX]) + uz 2 (X)),
and V(u) is asin (L.11).
We can proceed as in (I.12) to show that v*(u, X;) is affine in X;. This leads to

v (u,Xe) = vo(u) +vi(u)Xe,

with

{ Vi) = Tux+2(¥ © ) + (I, @ u;)To 1.21)

Vi) = (I, @uy)T1 + 2 vee ™ (uxx ).
We can apply Lemma 2 to evaluate (1.20). This leads to the result presented in Prop. 5.

1.6 Proof of Prop.7

The price of a h-period nominal bond is given by

Pfh = Ey( M pinexp(=Tp1 = — Tyip))
M p4n
= E, | =————FE,(#, —T ) — - — T,
I(Et(%,t—ﬁ—h) f( t,t+h)eXP( t+1 t+h)
= E;@ (Et(,///,’,Jrh)exp(—ﬂ,H — 7Tz+h))
= EQ(CXP(—”t—"'—”tM—l—7Tt+1—"'—ﬂt+h))-

We have:

B = ER (exp(—ri—ma)PY, )
= E? (exp [— (g +11'X:) — Hr0 — My 2 Ze41 — W x Xi1 — My xxvec(Xer1 X/ (1)
/ / /
+a}$; + bi Xir1+ ci Zii1+ dfl; vec(XtHX,’H)} >

= exp(—1ng —771*,Xt—ﬂ7r,0+a}$l) X

)



First- and second-order moments of Y;

/
E? <eXP [(bf, — Urx) Xy1+ (Ci — Hﬂ,Z) Z1 +(dy — Hﬂ,XX)/Vec(XtHXr/H)} )

= exp(—15 —Ni'X; — Lo +d}) X
Q Q / Q ' Q / /
exp [‘l’xo(”h) + Wy x (un) X + Wy 7 (un) Zi + Wy xx (un) VeC(Xle)} ;

where uy, is as defined in (41). This gives the result.

II First- and second-order moments of Y,

In this section, we derive the first-order and second-order moments of Y;. We consider conditional
moments, say E;(Y;;), and unconditional moments, as E(Y;).

Proposition 9. Under Assumptions A.2 and A.3, the conditional expectation and variance
of process Y, (with Y, = [X/,Z],vech(X;X])']') are given by:

[ 0 ,
E, (Y1) = [% IVY,O(M)} Y + [E vy, (u) ] . Y; (IL.1)
vec(Var,(Y;41)) = 0Opg+0Y, (I1.2)

where

32
®0 - |: Y 7O(I’t):| 3
dudu' "’ 40

and where ©y is such that its ((i — 1)ny + j)™ row is:

A
8u,~8uj Vr.1(u

u=0

Proof. Since we have:

d
EE(CXP(M/YM)) =E/(Y1exp(u'Yiy1)),

it comes that

0
%Et(exp(“/Yt—i—l )

Now, according to Prop. 2, we have E,(exp(u'Y;11)) = exp (Wyo(u) + yy,1(u)'Y;). Hence, we also
have:
d d

d
EE,(CXP(M/KH))} » = [E llly,o(u)] Y + [@ Yy 1 (u)/} FOYm

:Ez(Yt—i—l)-

=]

u=

using, in particular, that yyo(0) = 0 and yy;(0) = 0 since E;(exp(0'Y;4+1)) = 1. The variance
result is obtained in a similar way. [



First- and second-order moments of Y;

Corollary 1. Under Assumptions A.2 and A.3, the dynamics of Y; admits the following
vector auto-regressive representation:

1
Yip1 =y +OyY + 27 (Y:) €y 141, (I1.3)

where €y, is a martingale difference sequence satisfying Var,(€y11) = I, (identity ma-
trix of dimension ny X ny ), and where

)

Uy = [% WY,O(”)] i

’ cI)Y = {%WY,](”)/] )

1 Lo
vec(Zy(Y;)) :=vec | Xy (Y,)Zy (17) } =00 +01Y,

®g and Oy being given in Prop. 9.

Corollary 2. Under Assumptions A.2 and A.3, we have:

B (Yiin) = (hy—Dy) " (ly — O}y + OVY;
vec[Var,(Y;ip)] = vec [Zy(Yz) + @y Xy (V) Py + - - +CI)§*IZy(Yt)CI>¢’1/}

= (In% + Py @Py -+ Dy ®c1>¢*1> (@ +01Y;)
= (1,1% L Py Py + -+ (<I>y®<1>y)h‘l) (@ +©1Y,)

(1~ @r @) (L~ (@ro@p)") @ +0%).

Corollary 3. Under Assumptions A.2 and A.3, we have:

E(Y) = (hy—@p) 'y
vec[Var(Y;)] = (In% — Dy ®CI>y)_1vec [Zy {(Id—cpy)*luy}] :

Corollary 4. Under Assumptions A.2 and A.3, we have:
Cov(Y;,Yiyn) = Var(%)(®y).
Proof. We have:

Cov(Yi,Yin) = EXYy,) -EY)E®Y) =EXE (Y4)) - E(Y)E(Y,)
= EY[(Ly — Pr) " (I, — O}y + P4Y.]) — E(Y,)E(Y,)'

9



First- and second-order moments of Y;

E(Y; py (Iny — q)})i),(lny
l“YuI// (Iny

(Iny - CDY)_
(Iny — Py) ™ iyt (Lny
E(Y)EY;) (I, —

which gives the result.

Pp)' +

oY)~ +1V,Y<<I>h)’) E(Y)E(Y;)

D1 (L — @) +E(LY))(@F) —E(XV)E(Y,)
— @) (I, — @F) +EXY)) (D)) —EMX)E(Y,)
+E(LY))(®F) —EMX)E(Y,),
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Real term premiums in the Consumption Capital Asset Pricing Model

III Real term premiums in the Consumption Capital Asset Pric-
ing Model

III.1 Term premiums and conditional covariances of the SDF

The term premium of maturity » is defined as the difference between the yield-to-maturity of a
bond of maturity n and the one that would prevail under the expectation hypothesis. That is:

1 1
TR, = _ZlogEt%,tJrn + ;logEt exp(—r; — Ty — rt—i—n—l)'

The following proposition shows how term premiums can be expressed as a conditional covari-
ance involving future stochastic discount factors (SDFs) and their expectations.

Proposition 10. If the log SDF m; | = log(#; +1) is Gaussian and homoskedastic, we
have:

1
TPz,n = —ZCOVz(th —]Et(mtﬂ) T My _Et+n—2(mt+n—l)7

Ep1(mey2) + -+ Erpp1 (my4n)).
Proof. We have
1 1
TP ,:= - logE; (exp(my 1+ - +min)) + p logE; (exp(—r1 — -+ = Frn—1))-
Since m; 1 is Gaussian, we have
1
exp(—r;) = Ecexp(myy1) = E/(m11) + EVWz (myy1)-
As a consequence:
1

TR, = - logIE; (exp(my 1+ +mypyn)) +

1 1 1

. log E; (exp (Et(m,ﬂ) + EVart(m,H) +o B 1 (myen) + EVaan,l (m,+n))) )
Under homoskedasticity, we have Var;(m; ) = 62, say, for any ¢. This gives:

1 1
Th, = 50'31 - ZlogEt(exp(th o mygg)) +
1
Z logEl (exp (Et(mt+1) T+ +Et+n—l (mt+n)>) .

Using that m; 1 + - - - + my, is Gaussian , we obtain:

1 1 1
TR, = 5%21 - EVC"% M1+ +mppn] + ﬂVart (B (my1) + -+ Erpno1 (mgn)] .-

11



Real term premiums in the Consumption Capital Asset Pricing Model

Let us focus on Var [m41 + - - - +myip). Since my 1 = [my1 — Er(myi1)] +E(myy1), we get:

Var [myg1 4+ +myqp)
= Var [{m1 —E/(me1)} + -+ {men — Erpn1 (mysn) }]
+Var [E(myq1) + -+ Ergno1 (mign)]
+2Cov (Mg — B (myp1) + - 1y — B 1 (men), By (mp 1) - + By 1 (M 40) ).

Using Var, [{my 1 —Ei(my 1)} +- -+ {myrn — By 1(mn)}] = no? leads to the result. O

Proposition 10 implies in particular, for n = 2:
1
TRy = — Covi(myr, B (mis2)). (IL.1)

Hence, to have a positive two-period real term premium, we must have Cov; (my 11, E; 1 (m;12)) <
0.

III.2 A simple trend-cycle decomposition of consumption

Consider a simplified version of the model developed in the paper, with the aim of exploring
analytically the slope of the term structure of real term premiums. Assume that date-f consumption,
denoted by (;, is given by:

C; = C exp(z),

where C; can be interpreted as the consumption trend and z is its cyclical component (or output
gap). Using small letters for logarithms, we get:

Cr = C;k +Z.
Denoting the trend growth rate by g;, i.e.,
g =c¢ —c_| =Ac,

we obtain:
Ac =g +2t — 1.

Assume that both g; and z; follow auto-regressive processes of order one:

& = (1_Pg)ug+ngt—l+rlt
o = P-1+ Vi,

where 1, ~ i.i.d. A (0,04) and v, ~ i.i.d. .4 (0, 0;) (Note that what precedes implies, in particular,
that E(Ac¢;) = g.)

For simplicity, we replace the Epstein-Zin preferences used in the paper with power-utility
time-separable preferences. In that case, as is well-known, the stochastic discount factor between

12



Real term premiums in the Consumption Capital Asset Pricing Model

dates t and # +- 1 is given by:

C -
dhin = §(G) = explog(d) - il
1

and, therefore, m, | = log.#; ;1 =10g(0) — YAc,+1. In this context, Proposition 10 implies (this

is eq. I1L.1):
2

TPz72 = —%COV; [Acz+1;Et+1(Acz+1)]~
Since
Covi[Acr41,Err1(Acrs1)] = pgog + (p.— 1)02, (111.2)
we obtain:
Y 2 2
TPt,Z = ?[_pgcg + (1 _pZ)Gz ]7
which is positive if:
(1-p2)o? > pgoy,

that is, if the contribution of the cyclical component dominates in Cov;[Ac;41,E;+1(Aci+1)].

Figure I1I.1: Average term structure of real interest rates

4.1 —
[=
3
s 4.0
o
£ E—— e = = = = = = = - . . .- - - - o o o
E/ 39 = el
g e
3 884 e
o) o
E 574 —— o0
s - = = 04=0.005
1 og=0,01
3.6 —
| | | | | |
1 2 3 4 5 6

maturity

Notes: Term structures of real interest rates obtained for x; = [,,0,0]’, with p, = 0.02, y=2, 6 =1, p; = 0.9,
p. = 0.8, 0, = 0.02, and different values of o,. The pricing formulas are those given in Proposition 11.

Figure III.1 extends this analysis for long horizons (using the pricing formulas of Proposi-
tion 10). It confirms that the real term premium real term premiums can be upward sloping if o is

13



Real term premiums in the Consumption Capital Asset Pricing Model

small enough compared to o; (at least between horizons one and two). In particular, if ng =0, the
term premium is positive. In that case, agents know that, if a bad state of the world materializes
in the next date (i.e., vV;11 < 0), then the expected one-period-ahead growth, as of date t 4 1, will
then be positive—since agents will then expect the output gap to close—which will translate into
a higher r; 1. Alternatively put, as of date 7, agents know that P, ; will decrease in bad states of
the world, and vice versa. This implies that a two-period bond does not hedge against bad states
of the world, which generates a positive term premium.

In several papers that consider term structures of real rates in a structural framework, con-
sumption growth is essentially based on autoregressive processes akin to g; (this is notably the
case when the model only consider a stochastic autoregressive productivity process). Hence, in
these contexts, the term structure of real rates is necessarily downward sloping.

Proposition 11. The model described in Appendix I11.2 can be cast into a VAR form:

8t e (1 — pg) pg 0 0 81 Nt

Xt = It = 0 —+ 0 v 0 Zr—1 =+ Vi o (III3)
-1 0 0O 1 0 %2 0
M o =&

Using the previous notations, the price of a (real) zero-coupon bond of maturity h is given
by
P, = exp(ay + blx;),

where |
apy1 = log(8)+ap+ (by—ya) p+5(by—ya)'Q(b, — yor)
by = @ (by—ya),
with
o; 0 0
Q=] 0 o 0],
0O 0 O

and ap =0, by = 0.
Proof. With the notation introduced in (I11.3), we have:

AC[:[ 1 1 —1:|.X[,
————

=qo/

and, therefore,
My 1 = exp(log(8) — ya'xi11).

Hence:

Pt = Ef(Myi1Porp) = Ei(expllog(8) — ya'xi 1+ ap + bjxii1])
= E/(exp[log(6) +an+ (b — yot)x111])
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= E,(exp[log(8) +an+ (b — yor) (U + Px; + &41)])
= exp[log(d) +ay + (b — yat) (1 + Px:) |Ee (exp|(by — vat) &41])

1
= exp |log(8) +ap+ (by — ya)' (u + Px;) + E(bh —ya)Q(by—yat) |,

which leads to the result. ]

III.3 About the implications of the trend/cycle specification on consumption
moments

This appendix discusses some implications that the trend-cycle representation of consumption
growth has on the conditional moments of consumption.

We have seen that, in the context of the model described in Appendix III, we have (this is
eq. [11.2):

Covi[Acrs1,Ery1(Aci1)] = pgcg,% +(p;— 1>Gz2'

Besides, since
2, 2 2.2 2,2

Var(Aciy1) = 0; +0;, and  Var(E1Ac42) = py0, +(p;—1)°0
it comes that:

oz +(p:—1)o?

PgOg (P

\/62+62\/ng2+ —p)*o?
It can be noteed that this correlation takes extreme values when o, = 0, in which case it is equal
to —1, and when o; = 0, in which case it is equal to 1. If direct data-based counterparts of this
conditional correlation were available, one could determine whether one of these two extreme
representations has to be discarded; but this is not the case. One can nevertheless exploit surveys

to determine unconditional correlations between output growth and expected output growth. The
model-implied unconditional correlation is given by:

Corri[Aci+1,Erp1(Acit1)]

Pg 2_] Pz
—p2% ~ Tp.

1T 2 2 Pe 2 1-p; 2
\/11326+1+1:>G\/1sz+1+pCy

It can be seen that, when o, = 0, this correlation is still extreme, as it is equal to one. But it is not
extreme for o, = 0. In the latter case, we have:

G

Corr(Aci+1,Ei41(Aci+1)) =

1—p;

Corr(Aci+1,Eir1(Acryr)) = — 5

Let us consider empirical estimates of this correlation. For that, we use the real GDP series
available on the FRED database (ticker GDPC1), as well as the mean GDP forecasts of professional
forecasters extracted from the website of the Philadelphia Federal Reserve Bank. Using these data,
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we can compute the empirical correlation between the quarterly output growth (log(Y;/Y;—1)) and
expected output growth (E;(log(Y;+1/Y;))). We also consider an annual version, where we compute
the correlation between log(Y;/Y;—4) and E;(log(Y,14/Y;)). Table III.1 shows the resulting corre-
lations for two periods: a long historical period (1968-2024), and a shorter one (1994-2024). The
last row of the table reports the model-implied equivalent correlations (using the model presented
in Section 2 and whose specification is detailed in Table 2).

Table I1I.1: Unconditional correlations between current and expected output growth

Period Quarterly Annual
1968Q4-2024Q1 27% 17%
1994Q1-2024Q1 —4% 7%
Model —14% —T7%

Notes: This table shows the correlations between output growth (log(Y;/Y;_x)) and expected output growth
(E;(log(Y;++/Y;))). For column "Quarterly", we use k = 1, and k = 4 for column "Annual". Real GDP comes from the
FRED database (ticker GDPC1); GDP forecasts are extracted from the Philadelphia Federal Reserve Bank website.
The last line of the table reports the model-implied equivalent correlations; the model is the one presented in Section 2,
whose specification is detailed in Table 2.

The low but rather positive (for three subsamples) empirical correlation between GDP growth
and expected future GDP growth is not perfectly in line with the present framework. However, it
strongly rejects those frameworks featuring a pure auto-regressive consumption growth process,
i.e. a model without output gap (o, = 0), for which the correlation between GDP growth and
expected GDP growth is equal to one.

III.4 The relevance of hysteresis effects for the term structure of real rates

Section 2.5 discussed the main model ingredients for generating an upward-sloping real term struc-
ture. This annex analyses the amplifying hysteresis channel in more depth.

In our specifications, hysteresis effects are introduced through parameter p,, (see eq. 1): if
Pgz > 0, periods of negative output gap (z;) imply reductions in the trend of consumption growth
(gr). Hence, a recession (z; < 0) is a bad state of the world for two compounded reasons: (i) by
definition, consumption is low—below it trend—when z; < 0, and (ii) when p,, > 0, the fact that
Z; < 0 reduces expected trend growth rate. This is illustrated by the lower plots of Figure III.2,
which compare the response of the consumption level (¢;) to increases in z; in two situations: no
hysteresis effect (pg, = 0) for the left plot and existence of an hysteresis effect (pg; > 0) for the
right plot. The key difference is that while the effect completely dies out when pg, = 0, it is not
the case when pg, > 0. Consequently, for a given state of recession, hysteresis effects worsen
consumption prospects, leading to higher risk prices which, in turn, amplifies forward premiums.

The upper plots of Figure I11.2 illustrate the influence of hysteresis effects on real term pre-
miums. Term premiums appear to be larger when pg, > 0 (i.e., with hysteresis effect, right plot),
than when p,, = 0 (left plot). Figure I11.3 shows how the term premiums depend on the coefficient
of risk aversion, for the values of 0, and oy indicated on Figure II1.2 with red dots. Real term
premiums appear to be more sensitive to the coefficient of risk aversion with hysteresis effects.
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Figure I11.2: Real term premium and hysteresis effect
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Notes: This figure illustrates the influence of the permanent and transitory and permanent consumption shocks, as
well as the hysteresis effect, on the real term premium. The real term premium is defined in (23)); it is given by
E(r:.40—rs.1); it is also the average slope of the term structure of real rates. Only the real part of the model is concerned
(i.e., egs. 1, 2, 12), agents feature Epstein-Zin preferences (see Subsection 2.2), with a constant coefficient of risk
aversion. The left plots correspond to the case where p,; = O—the situation with no hysteresis effects; by contrast,
there is an hysteresis effect in the model underlying the right plots. The upper plots show how the real term premium
depends on o, and o, that are the respective standard deviations of the shocks affecting the persistent component of
consumption growth (g;) and the transitory component of the cyclical component of consumption level (z;). The lower
plots show the impulse response functions of (log) consumption ¢; to a unit increase in z;; the bottom-right plot shows
that, in a context of hysteresis, these shocks (€;;) have a permanent effect on consumption. The upper plots show
that real term premium positively depend on o, and negatively on o,. The top-right plot also shows that, when o, is
low, the hysteresis effects allow to generate higher (positive) real term premiums. The model parameterization is as
follows: p, = 0.8, p, = 0.9, Ue =2%, ¥, = Uy,0 = 10. The red dots indicate the values of o, and o, used in Figure II1.3.
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Figure IIL.3: Real term premium, hysteresis effect, and risk aversion
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Notes: This figure illustrates the influence of the risk aversion coefficient on the term premium. The real term premium
is defined in (23)); it is given by E(r, 40 — r+,1); it is also the average slope of the term structure of real rates. We consider
two models: one is with hysteresis effects (pg, > 0, solid line) and the other is without hysteresis effects (pg, = 0, dotted
line). Only the real part of the model is concerned (i.e., eqs. 1, 2, 12), agents feature Epstein-Zin preferences (see
Subsection 2.2), with a constant coefficient of risk aversion y. We consider different values of the coefficient of risk
aversion (x axis). The model parameterization is as follows: p, = 0.8, p; = 0.9, u. = 2%, ¥ = tyo = 10. The values
of 0, and o, are those indicated by red dots in Figure II1.2; for the model with hysteresis effects: p,; = 0.003. The
vertical bar indicates the value of the coefficient of risk aversion used in Figure I11.2.

18



	Introduction 
	Model
	The joint dynamics of consumption and inflation
	Agents' preferences
	Gaussian linear-quadratic state-space representation of the model
	Stochastic discount factor, risk-neutral dynamics, and bond prices
	The term structure of real rates

	Estimation approach
	Empirical results
	Parameter estimates, fit and diagnostics
	Model-implied unconditional and fitted premiums
	Risk aversion and term premium dynamics
	Inflation-consumption correlation and inflation risk premium dynamics

	Conclusion
	Parameterization of the Gaussian linear-quadratic model
	State-space representation
	General econometric setting
	The real side of the economy
	Inflation and extended state vector
	Risk-neutral dynamics
	Pricing
	Proofs
	Proof of Proposition 1
	Proof of Proposition3
	Proof of Proposition2
	Proof of Proposition4
	Proof of Proposition5
	Proof of Prop.7

	First- and second-order moments of Yt
	Real term premiums in the Consumption Capital Asset Pricing Model
	Term premiums and conditional covariances of the SDF
	A simple trend-cycle decomposition of consumption
	About the implications of the trend/cycle specification on consumption moments
	The relevance of hysteresis effects for the term structure of real rates




